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The s t ruc tu re  of  a co l l i s ionless  shock wave at the front of which ion-acoust ic  turbulence is ex -  
ci ted is invest igated.  On the bas is  of the theory  of anomalous  r e s i s t ance ,  equations a re  obtained 
for  the osci l la t ional  spec t rum and the par t ic le  distr ibution function in the p l a s m a  which, when 
known, make it poss ible  to de te rmine  the magnet ic  f ield profi le ,  density,  and o ther  mac roscop i c  
c h a r a c t e r i s t i c s  of the shock wave.  The possibi l i ty  of compar ing  theore t i ca l  predic t ions  with ex-  
per imenta l  r e su l t s  f rom light sca t t e r ing  at the shock front  is d iscussed .  

1. Introduction.  It  can be cons idered  an es tab l i shed  fact that the exis tence of co l l i s ionless  shock 
waves  in a p l a sma  within a magnet ic  field is r e la ted  to the phenomenon of anomalous  r e s i s t ance  ove r  a 
broad range of p a r a m e t e r s  [1]. The r ea s on  for  its format ion  is s t rong p l a s m a  nonuniformity and conse -  
quent exci tat ion of va r ious  ins tabi l i t ies .  A large  number  of expe r imen ta l  resu l t s  re la ted  to shock waves 
propagated  a c r o s s  a magnet ic  field show that  in a l o w - p r e s s u r e  p l a s m a  such that  f l -8~-p/H 2 <<1 (p is the 
gaskinet ic  p l a s m a  p r e s s u r e ,  H is magnet ic  field intensity) and in re la t ive ly  weak magnet ic  fields (where 
the e lec t ron  p l a s m a  frequency ~0pe is much g r e a t e r  than the e lec t ron  cyclotron frequency a~He), i on -acous -  
t ic  instabi l i ty  plays a leading role .  I ts  development  is well  descr ibed  by the theory  of weak turbulence,  and 
the basic p rob lem encountered here  is the choice of  mechan i sm providing es tab l i shment  of an equi l ibr ium 
level  of fluctuation. This  quest ion has been d i scussed  m a n y t i m e s ,  and an analys is  of expe r imen ta l  data 
[2] makes  it poss ible  to give p r e f e r ence  to l inear  Landau damping by ions [3]. 

Knowing the energy  of the osc i l la t ions ,  one can de te rmine  f rom quas i l inear  equations the effect ive 
col l is ion f requency of the pa r t i c l e s ,  i .e. ,  the diss ipat ive p l a s m a  p r o p e r t i e s  which de te rmine  shock-wave 
s t ruc tu re .  Since the t ime  for  instabi l i ty  development ,  which is equal to the inverse  of  the growth ra te ,  y - l ,  
in o r d e r  of magnitude,  is much less  than the t ime  for  the passage  of the front  through a given point in space 
(~-~ 5/u, where 6 is the width of the front,  and u is the veloci ty  of  shock-wave propagation),  one f i r s t  d e t e r -  
mines  local  par t ic le  dis t r ibut ion functions es tab l i shed  by the ef fec ts  of quas i l inear  col l is ions as is done 
in gas dynamics .  They are  fa r  f rom Maxwellian as will be seen subsequently.  On the bas is  of c o n s e r v a -  
tion laws one can then obtain magnetohydrodynamic  equations descr ib ing  the var ia t ion  of mac roscop i c  p l a s -  
ma  c h a r a c t e r i s t i c s  in space  and t ime .  

2. E lec t ron  and Ion Distr ibution Functions and Vibrat ional  Spect ra .  Ordinar i ly ,  the e l e c t r o n - s c a t t e r -  
ing f requency in shock waves is cons iderably  less  than the cyclo t ron  frequency.  There fo re ,  the d i rec ted  
e lec t ron  motion is a drif t  motion.  Let  it occur  along the x axis at some veloci ty  v e (we a s sume  the m a g -  
netic field is d i rec ted  along Z)o Then the e lec t ron  veloci ty  distr ibution function f e  (V) in the r e s t  sys t em of  
the e l ec t rons  is axial ly s y m m e t r i c  around the z axis .  In the p resen t  case  where e lec t ron  sca t t e r ing  is a s -  
socia ted with ion-acous t ic  osci l la t ions ,  it can be a s sumed  genera l ly  isotropic:  Fe(V). This  is a consequence 
of the fact that the e lec t rons  a re  s ca t t e r ed  near ly  e las t i ca l ly  because of the sma l l  phase veloci ty  of  ion 
sound. There fo re ,  the x axis - the d i rec t ion of e lec t ron  drif t  - is a uniquely p r e f e r r e d  direct ion for  the 
exe itation of v ibra t ions .  

We introduce spher ica l  coordinates  in veloci ty  space (v, 0, ~) and in wave vec tor  space  (k, 0 , ,q '} with 
po la r  axis along x. We denote the e l ec t ros t a t i c  ene rgy  density of the osci l la t ions  by W(k, 0 '). According 
to the definition of the quas i l inea r  diffusion coeff icients  for  e lec t rons ,  we have 
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D(e) 8~2e2 ~" ka k~ ~xr o .  
~ = ~ ~--V-- ~ kO ~(ok --  kv) d3k (2.1) 

In this case ,  the only nonzero components a re  D (e) ~_(~) D^(~) and D (e) T,, r ~o1~, 1~*~ . . . . .  
must  bear  in mind that in the e lec t ron  r e s t  sys t em,  which is moving with a veloci ty  Ve that  is much g r e a t e r  
than the phase veloci ty  of ion sound, the frequency of all  v ibra t ions  (because of the Doppler effect) is 
o ~ - k x V  e = - k V  e dos 0'. In addition, we allow for  the fact ~qe is smal l  in compar i son  with the t h e r m a l  ve-  
loci t ies  of the e lec t rons .  We then obtain f rom Eq. (2.1) 

D (0) D(~) D (0) Ve D(e)  __ D (0) Ve ~ 
D~) v s in  2 0 ' vo v s i n  0 v ' ~ t -v  - -  v v ~ 

16n2e2 I s in  0 '  cos ~ O' dO' (2.2) 
D (0) = m~ [sin2 0 -- cos~ 0']'/' W (k, 0') dk 

:;/2--0 0 

for  0 < v / 2 ,  D(Tr--0) =D(0).  

An equation for  the i sot ropic  e lec t ron  distr ibution function Fe(v) is found by integrat ion of the quas i -  
l inear  equation ove r  the angle 0, 

,-% 

at = s in0d0 D~--~,~j 2v" Ov v Ov (2.3) 
o 

The e lec t ron  growth ra te  for  the exci tat ion of v ibra t ions  de te rmined  by the function F e (v) is approx i -  
ma te ly  

"~e = ~[2 mi (oak F~O) 
,n e k~ Fe cos 0' (2.4) 

We calculate  the f r ic t ional  force R exper ienced  by the e lec t rons  during drif t  motion.  

R = fmv[o-~ D~OO-~ ]dav=--  2nrneVeF~(O) ID(O)sinOdO (2.5, 
0 

Defining the effect ive e lec t ron  sca t t e r ing  frequency v e so that It =-me~renve ,  we obtain 

re-= 2 .  F':0) I D (0) sin 0d0 i2.6) 
o 

We turn  to a de terminat ion of the ion-veloci ty  distr ibution.  In the model  assumed,  the main  m a s s  of 
ions does not in te rac t  with the v ibra t ions  [3]. A contr ibution to l inear  Landau damping is made only by a 
sma l l  group of ions which may  be in resonance  with the v ibra t ions .  We introduce the i r  distr ibution func-  
t i o n f i ( v ,  0) and denote the i r  to ta l  number  pe r  unit volume by nx i so that 

l /id3v = nz~ 

The kinetic equation for  f i  has the fo rm 

o/~ I 0 2In(1)0/~ D~0 ) 0/i~ i 0 sin0(D(~ O/i _ D~ Ofi" 
= " ~ ~ v  v \~v~"~v+'T- 'g~- /  -]- vsia0 00 ~ --b---O-~') (2.7) 

(the specif ic  fo rm of the diffusion coeff icients  D(~)/3 will be given below in m o r e  convenient va r iab les ) .  

Under the influence of the v ibra t ions ,  the par t ic le  dis t r ibut ion functions va ry  so that the to ta l  growth 
ra te  ~ / = T e + T i  is c lose to ze ro  for  those values of the wave vec to r  k, w h e r e W k ~ 0  and is not posi t ive where 
Wk=0.  

Writ ing an expres s ion  for  the ion dec remen t  

(2.8) 

and cons ider ing  that the e l ec t rons  excite  all  waves for  which cos 0' >-0, we obtain s t i l l  another  equation 
which the functions f i ( v ,  0 ) must  sat isfy:  

0 for c o s 0 ' ~ 0  
Ti-~Te---- ~ 0  for o o s 0 ' ~ 0  

(2.9i 
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The unknown functions Fe(V, t ) , f i ( v ,  0, t), and W(k, 0 ' ,  t) mus t  also be de te rmined  f rom Eqs. (2.1), 
(2.3), (2.7), and (2.97. These  equations p o s s e s s  the p rope r ty  that  Fe, f i ,  and W cease  to depend on initial  
conditions, and t he i r  evolution in t ime  takes  on a un ive r sa l  nature  (in the t e rmino logy  of [4], an asymptot ic  
solution is es tabl ished) .  Since the p l a s m a  is cold (rio << 1) ahead of the shock wave in the initial  s ta te ,  its 
heating occurs  ve ry  rapidly,  and a t r ans i t ion  to the asymptot ic  solution occu r s  eve rywhere  within the shock 
front .  To de termine  the solution it is n e c e s s a r y  to introduce in the equation s e l f - s i m i l a r  va r i ab les ,  as has 
been  done p rev ious ly  [4]. As a resul t ,  the e lec t ron  distr ibution function 

- -  ( / n  ~)5 

3 (2.10) [(+)? a = 4~5'/, [r (%)1'/,' b = 5F 

is de te rmined  where the t e m p e r a t u r e  T e is  defined so that  the e lec t ron  kinetic ene rgy  densi ty is 3 n T e / 2 ,  
and the p r e s s u r e ,  correspondingly ,  is nT e. The spec t r a l  density of the v ibra t ional  e l ec t ros ta t i c  energy  
is conveniently wri t ten in the fo rm 

T~/*m '/" d T  
w ( } ,  o , )  = . " ~. 

q = k T / h  / me'/,o)pe 

The ion distr ibution function is 

n x  i 

(2.12t co 

= / rt/.. I sin 0 01 0) = i 
0 0 

and the quantity T i is the effect ive t e m p e r a t u r e  of the resonance  ions. An equation for  gi(~, 0 ) follows 
f rom Eq. (2.7): 

---O~ ~agi + ' ~  + D ~ ~  aO / -} --sinO O0 sine D~o +Doo Og~aO / =0 

i * O)q 
D ~ = = + ! ~ @ d q d O "  D~~ = -~ - f (% ( - ~ - e t g O - -  r176 uJaqa~ 

t �9 O)q 

(I:) ~ w (q, 0') sin O' 
[sin 2 0 sin z O' -- (o)q / qg -- cos 0 cos 0')~] ~/' 

(Dq ~ O k / (Dp i  

(2.13) 

In the asymptot ic  mode,  the number  of resonance  ions xi, the ra t io  of e lec t ron  and ion t e m p e r a t u r e  
T i / T e ,  and the rat io  of the drif t  veloci ty  Ve to e lec t ron  t h e r m a l  veloci ty  (Te/me)1/2 r ema in  constant .  

It was found [3] that  

Fe = a~ (rne/m~)'l, ( T e / me)'l,, x~ ---- a~ (rn e / mi)'l, , T~ = a c t  6 (2.147 

where the numbers  ~l ,  2, 3 a re  constants  of the o r d e r  of unity, andi t  is n e c e s s a r y  to know the exact  solu-  
tion of s  (2.137 in o r d e r  to de te rmine  them.  

3. Structure  of a Weak Shock Wave. In the p resen t  p rob lem,  d i spers ion  ef fec ts  assoc ia ted  with the 
inclusion of e lec t ron  iner t ia  o r  breakdown of quas ineutra l i ty  a re  unimpor tant .  It is t he re fo re  sufficient to 
l imit  ou r se lves  to a s ingle-f luid approximat ion.  The p lasma ,  as awhole ,  moves  along the y axis - the d i r e c -  
t ion of shock-wave propagat ion.  We denote the p l a s m a  veloci ty  by u. We calculate  all  quanti t ies in a f r ame  
of r e fe rence  moving with the shock wave.  The e l ec t romagne t i c  field has the following nonzero components:  
H z =H(yT; Ey(y) is the e l ec t r i c  field which a r i s e s  because of p l a s m a  polar iza t ion,  andEx is the induced 
e lec t r i c  field in a wave s y s t em  independent of the coordina tes .  

In the unper tu rbed  p l a s m a  ahead of the shock wave, i .e. ,  for  y ~ +  ~, the magnet ic  field is H0, the den- 
sityn0, and the veloei ty  u 0. The initial  t e m p e r a t u r e  can be a s sumed  to be zero .  The shock-wave intensi ty 
is cha r ac t e r i z ed  by the Mach number  M =u0/vA, where v A = H 0 / ~ 0 .  We cons ider  the case  of weak 
shock waves for  which ( M - l )  << 1. F rom the Hugoniot re la t ions  it follows that  for  this  l imit  the change in 
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the quanti t ies H, n, and u in the shock wave are  of the o r d e r  of (M-1 ) , whe rea s  the final e lec t ron  t e m p e r a t u r e  
behind the shock front T e ~ ( M - l )  3. All the equations wri t ten below are  s implif ied by the inclusion of these  
conditions.  

Since there  is no e lec t r i c  field in the l abora to ry  sys t em in the unper turbed  p la sma ,  

E x  = u o H o  / c = M H o v A  / c (3.1) 

The polar iza t ion  field Ey is set  up so that the e lec t rons  and ions move toge ther  along y. Hence, 

Eu = Fell (y) / c (3.2) 

The tota l  force  acting on the e lec t rons  in the drift  d i rect ion must  be equated to zero:  

R = ne  (E~  - -  u c - l H )  = nec - I  ( M v A H  o - -  a l l )  (3.3) 

The constancy of momentum flux density,  the continuity equation, and the Maxwell  equation for  the mag= 
net ic  field a re  wri t ten in the fo rm 

Hg Ho ~ dH 4~ 
m i n o M V A  (U - -  M V A )  -1- ~ : ---~--, r ~  = - -  n o M v A ,  ~ = c neVe  (3.4) 

Only Joule dissipat ion is important  in the p l a s m a  t h e r m a l  balance: 

3 / 2 n a d T J d y  ---- TtVr ---- neYe  c - I  ( M v A H  o - -  a l l )  (3.5) 

Consider ing that in weak shock waves the e lec t ron  cu r r en t  veloci ty  is propor t iona l  to the i r  t h e r m a l  
veloci ty  (2.14), we obtain f rom Eqs.  (3.4) and (3.5) a single equation for  the magnet ic  field profi le  which is 
wri t ten with the requi red  accuracy  in the fo rm 

~ = I4 (M - -  1) h - -  3h~], h ---- ( H  - -  Ho) / H0 
COpe e 

It is in tegra ted  to 

2 ( M  - -  ---- t - -  ( M  - -  y ( 3 . 6 )  

Only that  range of the coordinate  y is of  in te res t  in which h va r i e s  f rom zero  to h 1 =4/3(M-1) - the 
value of the magnet ic  field in the final s tate  behind the shock wave. As is c l e a r  f rom Eq. (3.6), the width 
6 of  the weak shock front is the following: 

c / 'h  ~'/, 
%e ]/ 'M-- 1 \ e/ (3.7) 

The theore t ica l ly  predic ted  constant rat io  between e lec t ron  cu r ren t  and t h e r m a l  ve loci t ies  is obse rved  
exper imen ta l ly  and the coefficient  q ~ 1 - 2  [2] f rom m e a s u r e m e n t s  in a hydrogen p l a sma .  A compar i son  of 
the magnet ic  field profi le  (3.6) with m e a s u r e m e n t  indicates that  the approximat ion to a weak shockwave  is 
applicable up to Mach numbers  M -< 2. The par t ic le  dis t r ibut ion functions in the shock front a re  de te rmined  
f rom Eqs.  (2.10) and (2.12), and the osci l la t ional  spec t r a  f rom Eq. (2.11), where  dTe /d t  = -udTe /dY.  

Fur the r  inc rease  in shock-wave intensity leads to e lec t ron  heating such that the quantity fl in the 
shock front  becomes  of the o r d e r  of  unity. Elec t ron t h e r m a l  conductivity becomes  important  along with 
r e s i s t ance .  As a resul t ,  the e lec t ron  veloci ty  distr ibution function is "d is tor ted"  and the s e l f - s i m i l a r  so lu-  
tion (2.10)-(2.14) becomes  inapplicable.  Formal ly ,  the numbers  va ry  within the shock front,  remain ing  quan-  
t i t ies  of the o r d e r  of unity. There fo re ,  the o rde r  of magnitude of all  quanti t ies cha rac t e r i z ing  a shock wave 
is unchanged (in pa r t i cu la r ,  t he i r  dependence on ion mass ) .  

4. Osci l la t ional  Spectra .  Exper imen t s  on light sca t t e r ing  at smal l  anglos in a shock front  [5] a re  of 
g rea t  in teres t  for  an explanation of the mechan i sm for  absorpt ion  of ion-acoust ic  v ibra t ions .  The s c a t t e r -  
ing intensi ty is p ropor t iona l  to the F ou r i e r  components of the fluctuations in e lec t ron  density produced dur -  
ing ion-acous t ic  turbulence.  They are  re la ted  to the spec t r a l  v ibra t iona l  function W k by the express ion  

n~e 2 W k 
T % k'Z (4.1) 

r 

The quantity <6n~> calcula ted f rom the angular  distr ibution of the sca t t e r ed  light [5] is near ly  p r o -  
por t ional  to 1 /k  3 for  kT'o-<l , and falls  rapidly with fur ther  inc rease  in k (here r 0 is some average  value of 
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the Debye radius in the shock front).  The authors  in terpre t  this as the resul t  of nonlinear Landau damping 
of ion sound by ions [6]. Since the d iamete r  of the l a se r  beam in these exper iments  was g r ea t e r  than the 
width of the front,  only information about quantit ies averaged over  the ent i re  front is obtained f rom the 
scat ter ing.  Since the e lec t ron  t empera tu re  and the Oebye radius va ry  strongly within the front,  the r e -  
lationship given is of a qualitative nature .  

In the present  case,  where damping by resonance ions occurs ,  one has not managed to determine Wk, 
and thereby  <6n~>, exact ly .  We shall t r y  to es t imate  the dependence on I k I roughly. To do this,  we ne-  
glect angular  dependence completely.  The condition ~ =0 leads to g i (0  ~1 /5 .  We then obtain from Eq. (2.13) 

t l  r q 
D ~  ~ ~ -  w (q) - ~  dq ~ ~4, o)q ~-- (i ~- q~)V, 

Here the integrat ion is c a r r i ed  out ove r  the range of values q where the phase veloci ty O~q/q is less  
than ~. This equation is solved with respec t  to w(q): 

(q) - -  (1 + 92) ,/= 

Trans fo rming  to the usual var iables ,  we have 

W~ ~ (i + k2ro~)-~l~, (Snk ~) ~ k -2 (i  -b k2ro2) Jl" (4.2) 

This resul t  is in qualitative agreement  with an e a r l i e r  one [5]. 

The author thanks R. Z. Sagdeev and O. D. Ryutov for  discussions of the work. 
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